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Abstract 

In this paper, we prove a rigidity theorem of asymptotically hyperbolic 
manifolds only under the assumptions on curvature. Its proof is based on 
analyzing asymptotic structures of such manifolds at infinity and a volume 
comparison theorem. 



1 Introduction 

In this paper, we study the rigidity problem for asymptotically hyperbolic man- 
ifolds. Much progress has been made on this problem. In 7 , using the Dirac 
operator, Min-oo proved that a spin manifold of dimension n must be a hy- 
perbolic space if it is asymptotic to hyperbolic space in a strong sense and its 
scalar curvature is not less that — n(n — 1). His argument was refined and new 
exciting results were obtained by Andersson and Dahl [2] and X.Wang JT]. For 
even dimensional manifolds, Leung proved in that any conformally compact 
Einstein manifold (B™ , g) which is asymptotically hyperbolic of order greater 
than 2 must be hyperbolic. By exploring properties of positive eigenf unctions, 

"The first author's research is partially supported by NSF of China, project 10231010. 
^The second author's research is partially supported by an NSF grant and Simons fund. 
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J.Qing proved that a conformally compact Einstein manifold with round sphere 
as its conformal infinity has to be a hyperbolic space when the dimension is not 
greater than 7 (cf. [8]). He did not need to assume that the manifold considered 
is spin. However, his approach relies on the positive mass theorem for asymp- 
totically flat manifolds. In all above results, one needs to assume that there are 
nice coordinates at infinity and in such coordinates, the metrics tensor behaves 
well. In view of geometry, it would be natural to ask whether such an assump- 
tion can be replaced by an intrinsic geometric condition. In this paper, we will 
show a rigidity theorem of this type only under the assumption on curvature. 

Let (A" +1 , g) be a complete noncompact Riemannian manifold, we call it 
an asymptotically locally hyperbolic manifold, which we abbreviate as ALH in 
the following, of order a if \K (x) + 1| = 0(e^ ap ^), where K{x) is the sectional 
curvature of g at point x in any direction and p{x) — dist g (x, o). 

Recall that a Riemannian manifold A has a pole o if the exponential map 
exp ■ T X — > X is a diffeomorphism. Without loss of generality, in our case, 
we may assume that the sectional curvature is negative outside a unit ball of 
(X,g). We have: 

Theorem 1.1. Suppose that (X n+1 ,g) n > 2 and n ^ 3 is an ALH manifold of 
order a with a pole and there is a p > 1 such that the geodesic sphere with radius 
p and center at the pole is convex. If we further have a > 2 and Ric(g) > — ng, 
then (X n+1 ,g) is isometric to H ri+1 . 

As a corollary, we have: 

Corollary 1.2. Suppose that (X n+1 ,g) n>2 and n ^ 3 is an ALH manifold 
of order a (a > 2), K < and Ric(g) > — ng, then (X n+1 ,g) is isometric to 
H n+1 . 

Let RmP denotes the traceless part of the curvature tensor 1 ,||i?m°| denote 
the norm of the tensor for (A, g), then for n = 3, we have: 

Theorem 1.3. Suppose that (A 4 , g) is an ALH manifold of order a > 2 with a 
pole and there is a p > 1 such that the geodesic sphere with radius p and center 
at the pole is convex. If we further have ||i?m°|| € L 1 (X) and Ric(g) > — 3g, 
then (A ,g) is isometric to H 4 . 

We will use the volume comparison theorem to prove above theorem. In 
order to use the volume comparison, we need to estimate the volume growth 
of geodesic spheres at infinity. We will carry this out in several steps. First, 
we show that by changing the metric conformally, we can compactify (A, g) 
in an appropriate way. Next, we will show that the boundary of compactificd 
Riemannian manifold is isometric to standard sphere, in this step, we first ver- 
ify that the boundary is conformal to the standard sphere. It follows from the 
assumption on curvature that the boundary is diffeomorphic to the standard 
sphere, hence, it suffices to show that the boundary is locally conformally flat. 

lr The metric g is of constant sectional curvature iff RmP vanishes. This property determines 
Rm° uniquely. 
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By a direct computation, we can show that the Weyl tensor of the boundary 
vanishes, if the induced metric on the boundary is sufficiently smooth we know 
that it is locally conformally flat. However, since the metric on the compact- 
ified boundary is not necessarily smooth enough, we have to check what the 
locally conformal flatness of the boundary means in our current case. Under 
the assumption on Ricci curvatures in above theorem, we observe that the scalar 
curvature and volume of the boundary of compactified manifolds is less or equal 
to those of the standard sphere. It follows that the scalar curvature of the 
boundary is actually equal to that of the standard sphere, hence, if n = 2, we 
see that the boundary is isometric to the standard sphere; if n > 3, then by 
Obata's theorem, we know that the boundary is also isometric to the standard 
sphere; Finally, we can show that the volume of geodesic spheres of (X, g) is 
equal to that of corresponding geodesic spheres in H n+1 with the same radius, 
then, by the volume comparison theorem, we prove the main theorem. 

This assumption a > 2 should be optimal, since there are many asymptot- 
ically hyperbolic Einstein metrics on B 4 with a = 2, we refer the readers to 
Theorem C and Appendix in jT for details. In the case of n — 3, in order to 
show locally conformal flatness of the boundary, one has to check that certain 
linear combination of covariant derivatives of Schouten tensor vanishes, for time 
being, we do not know how to deduce this one from the assumption a > 2, this 
is the reason why we need the extra assumption ||i?m || s £ L X (X), we doubt its 
necessity. We also think that the assumption on existence of a pole is unneces- 
sary. In order to remove the assumption on pole, one may study asymptotics 
of certain eigenfunctions at infinity and use appropriate power of them to scale 
metrics as we do in the next section. We will discuss this in a future paper, also 
one can generalize arguments to study rigidity of asymptotic symmetric spaces, 
one particularly interesting case is for asymptotic complex hyperbolic Kahler 
manifolds. We expect that a similar result can be proved for Kahler manifolds 
by assuming that bisectional curvature tends to -1 at a sufficiently fast rate. 

The organization of this paper is as follows: In Section 2, we discuss the 
compactification and conformal structure of (A, g) at infinity; In Section 3, 
we show that the boundary of the compactified manifold is isometric to the 
standard sphere and then use it to deduce the main theorem. 

Acknowledgment: Part of this work was done during the first author's 
visit at Department of Mathematics of MIT. He would like to thank colleagues 
there for providing an excellent research environment. Especially, he wants to 
thank Dr. X.Wang for stimulating discussions during this visit. 

2 Compactfication and conformal structure at 
infinity 

In this section, we give a compactfication of (A, g) at infinity and study the 
induced conformal structure at infinity. This compactification is crucial in the 
proof of our main theorem. 
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Let E p be the geodesic sphere in (X, g) with radius p and a fixed center o. 
Define g to be sinh~ 2 pg, then we have: 

Theorem 2.1. There is a subsequence o/(£ p ,g p ) which converges to a W 2,p H 
C ,a Riemannian manifold (Soo,^) m the weakly W 2,p -topology, where p € 
(1, oo) and a € (0, 1) are arbitrary. Here by a W 2 ' p (~]C 1 ' a structure on (E^Jp), 
we mean that there is a covering {Ui} of by coordinates <j)i : Ui i— > R n 
swc/i t/ia£ £/ie transition functions (f>i ■ (jjj 1 and the metric tensors <f>~ X * g are in 
W 2,p (~]C 1,a . Furthermore, (Soo,^) is conformally equivalent to the standard 
sphere. Here g p denotes the restriction of g to E p . 

By the compactness theorem proved in 0] , in order to have the convergence 
property of (X p ,g p ), we only need to show the following 

Lemma 2.2. There exists a constant C such that \Rm{g p )\ < C, Vol(Y> p ,g p ) > 
C , diam(5] p , <7 p ) < C, where Rm(g) denotes the curvature tensor of g. 

Let us first recall some basic formulae. For time being, we assume g=u 2 g. 
Let {w a }i< a <„+i be a local orthonormal coframe of g such that u> n +i = dp 
and {oJi}i<i< n is tangent to S p . For convenience, we also denote g = dp 2 + 
gij(p,0)d6id0j. Then we have structure equations 



dui a = Y%=\ Uab A + U ba — 

duJab— Sc=l Wac ^ Ucb ~ \ Ec,d=l Rabcd^c A LOd 



where R a bcd denote components of the curvature tensor. The second funda- 
mental form, denoted by A — {hij)\<i j<«, of E p with respect to g is given 

by 

n 

where denotes the restriction of an 1-form to S p . The corresponding mean 
curvature is given by H = X)"=i ^u- 

Let r\ a = uLJ a (1 < a < n + 1), then {rya}i< a <n+i is an orthonormal coframe 
for the metric g, and 



d Va= Eb=l »7al> A Vb, Vab + Vba = , } , 

dr\ab= L c =i A r] cb - \ }_^ c d=1 R a bcdVc A % 



where R a bcd are components of the curvature tensor of (X, g) in the coframe 
{?y a }i<a<n+i- By a direct computation, we see that 

Vab = ^ab - (l0gti) h W a + (l0gu) a Wfc. 

Here for any smooth function / on X, f a is defined by df—J2a=l fa^a- Thus, 
we get 

Q 

Vn+l,i\s p = (/lij + g^(logu)5 i j)u~ 1 T] j . 
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hij = (hij + —(logu)Sij)u 1 . (2.3) 



It follows that the second fundamental form of S p with respect to g and {r]i)i<i< n 
is given by 

d_ 

On the other hand, we can deduce from the structure equations for curva- 
tures 

dh " 

J, 3 + hikhkj = —Rn+Un+lj- (2-4) 

p fe=l 

In order to estimate hij , we need the following 

Lemma 2.3. Suppose that f is a smooth function and for any p > 0, we have 
\f(p) — 1| < Ke~ ap for some a > 2 and j < f(p). If y is a solution of the 
equation 

y' + y 2 = f(p) and 2/(0) > 0. 
Then there is a constant C > 0, which depends only on K and y(0), such that 



y 



II < Ce- 2p . 



Proof. We will prove this lemma in the following steps. 
Claim 1: < y(p) < p + C\ for any p > 0. 

Here and in the sequel, Cj always denotes a constant which depends only on 
y(0) and K. Clearly y(p) < p + C\. To see that y(p) > 0, we first observe that 
/ > fraclA, hence, by using the equation, y'(p) > whenever y(p) < fracYl. 
It follows that y increases in the region where y < ^. Then the claim follows 
from y(0) > 0. 
Claim 2: \y - 1| < C 2 e~P. 

Set v = y — 1, we have p + Ci — l>w>— 1 and —1 < w(0) < y(0). Choose 
j3 = 1 + fraca2 < a. Then |u| < C3e' a_/3 ^ p , consequently, using the equation 
for 2/, we can deduce 

(v 2 )' + 2v 2 < (v 2 )' + (4 + 2v)v 2 < C 4 e- 0P , 2 < (3 < a. 

It follows 

(v 2 e 2p )' < C 4 e (2 - /3)p , 
Integrating this inequality, we get 

a — 2 

Claim 2 follows. 

Now we can finish the proof of this lemma. By Claim 2, we have 

\v\ < C 5 e- p . 
Using this and the equation for y, we have 

(v 2 )' + (4-2\v\)v 2 <2Ke- ap \v\. 
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Suppose that we have proved v 2 < e 2l3k for some /3fc > 1, then it follows from 
the above 

(v 2 e 4p )' < C 6 (e^- a -^ p + e^-^ p . 
Integrating this, we get 

w 2 < (7 7 ( e - 4 P + g- min{3/3fc,a+/3 fc }p\ 

If rnin{3/3fc, a+/3fc} > 4, we are done, otherwise, then we take (3k+i — \ min{3/3fe, a+ 
/3fe} > /3fc + f — 1 and repeat the above process. Then the lemma follows after 
finitely many iterations. □ 

Lemma 2.4. Let A=^2 i j hijUJi <g> uij be the second fundamental form of T, p in 
(X, g) and write 

h.. — A. +T-e~ 2p 
then \\T\\ g < C< +oo, where T = . TijUi ® Wj. 

Remark 2.5. Ifhij denotes components of the second fundamental form o/S p 
in (X,g) in the coordinate frame {^r} 7 then we have 

h{j C/ij -\- Pij e p . 

Write uji =£\ b^dB 1 , we have (gij) =(&y) T • (hj) and (p^) ={hj) T ■ (Ty) • (bij). 

Proof. Let A ma;r and \ m in be the largest and smallest eigenvalue of matrix (hij), 
then they arc Lipschitz, and we claim that 

^ + ^ = 1 + 0(6-°"). (2.5) 

±-K un + \ 2 mm = l + 0{e- ap ). (2.6) 

In fact, for any p = p , let V be the unit eigenvector of\ max , then V T (hij)V\ p=Po 
=A mox (p ), and V T (h,j)V < X ma x(p) for any p, thus, 

~^^max \p=po ~~ (^•ij)^ / |p=po ) 

hence, 

^^ma:r|p=po + ^max\p=Po = 1 + ^( e P )i 

which implies (2.2) is true, by the same reason, (2.3)is true too. On the 
other hand, when p is sufficiently large the eigenvalue of matrix {R n +u n +ij) is 
less than — i, and note that there is a convex geodesic sphere with sufficiently 
large radius, hence, we may assume the initial data of equation (2. 3), (2. 4) is 
positive, then by Lemma 2.3, we see Lemma 2.4 is true. 

□ 
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Due to Lemma 2.4, we have sup S(i |T!y|< C < +00 for any p > 1. 
Proof of Lemma 2.2: By a direct computation, we have 

Rabcd = u~ 2 R a bcd - u~ 2 ((logu) bm - (logu) m (logu) b )(5 ac S dm - S ad S mc ) 

- w~ 2 ((logw) am - (logu) m (logu) a )(5 mc 5 db - S md S bc ) (2.7) 

- M _2 |Vlogu| 2 ((5 ac (5 b(J - S ad S bc ), 

where R a bcd denote the components of the curvature tensor of (X,g) in the 
coframc {rj a }. By our assumption on asymptotic hyperbolicity, we may write 

Rabcd = (SbcSad ~ S ac S bd ) + E abcd , 

where \E abcd \ = 0(e~ a P). 

Now let u = sinh -1 p. Noticing that for any 1 < a, b < n 

{\ogu) ab = (\ogu) p {5 ab + T ab e- 2p ), 

we can deduce from the above and Lemma 2.4 2 



Rabcd = ^{T bd S ac - T bc 6 ad - T ad S bc + T ac S bd ) + E abcdl 1 < a, b, c, d < n (2.8) 
here, \E abcd \ = 0{e^ a ^ p ) as p tends to infinity. 

Rn+lbc d = 0(e< 2 - a ^), 
Rn+lbn+ld = T bd — -5 bd + 0(e^ 2 "' P ). 

Let hij be the components of the second fundamental form of S p C X with 
respect to the metric <?. It follows from (2.3) that: 

hij = 0{e-P). (2.9) 

Now let us estimate the volume and diameter of (E p ,g). We can write g in 
the form dp 2 + g%j{p, 6)d9 t d8 : > , then we have 

Using the facts that = g>ij + Pije~ 2p and —c(gij) < (hij) < c(gij) for some 
constant c, we can show that there exists a constant A independent of p such 
that 

A-V^y) < ( gij ) < Ae 2 "(5 tJ ). (2.10) 

It follows that diam(£ p ,<7) < C 2 and Vol(T, p ,g) > S a > 0. The proof of Lemma 
2.2 is completed. 

2 Without loss of generality, we may assume that a < 4. 
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By using (2.8), (2.9) and the Gauss equations, we see that the sectional 
curvature of (E p , g) is uniformly bounded. Then it follows from Lemma 2.2 and 
0] that there exists a sequence of (E Pi ,<7 Pi ), which will be denoted by (E^,^), 
converges to (Eoo, <?oo) in the sense of weak topology of W 2 ' p for any p < 00, and 
for any q £ Eoc, there is a coordinate charts (Bq,8 l ) in which the components 
of goo is C 1 '™ p| W 2 ' p , \/p < +00 and the curvature of (Eocffoo) is bounded. 

Let Rijki be the components of the curvature tensor of (E p ,g p ) under the 
orthonomal frame r\i (1 < i < n), then the Weyl tensor is: 

« 1 * * _R 

Wy/cz = Rijki ^(RikSji—RjkSii+RjiSik—Rudjk)+-, -77 ^r(SikSji—5jkSu) 

n-2 (n — l)(n — 2) 

Combined with (2.8) and (2.9), we see that = o(l) as p tends to 00, and 

the Ricci tensor is of the form 



where Eij — g^E^n and [Ey] = o(l) as p tends to infinity. 
Recall that the Schouten tensor of g is 

Therefore, the Weyl tensor of (Eqc, g^) vanishes in the L p -sense. Together with 
Gauss equations and Codazzi equations and (2.11), we deduce 

_ - _ - 1 „ 2 - 

VfcSy - VjS'ife = -e p sinhpi?„ + i feii H —z{^kE i:j - V jE ik ) 

U (2.12) 

If n = 3, by the assumption that ||i?m°|| ff £ i 1 (X), we see that there are pi 
which tend to infinity such that 



/ \\Rm Q \\ g sinh 3 pi 



0. 



in particular, we have 

\R^k\e 3p ' ^ 0. 



It follows that for any £ C*°°(E Ps ), 

/ ^jfce^sinhp^O. (2.13) 

Without loss of generality, we may assume (E Pi , g Pi ) converges to (Soo,5oo), 
for simplicity, in the sequel, (Eoo,<7oo) will be denoted by (E,<?) and the com- 
ponents of its curvature tensor will be simply denoted by Rijki- Then if n = 3, 



we see that the Schouton tensor of (£,g) satisfies the following equations in the 
sense of distribution, 

V fc Sy - VjSik = 0, (2.14) 
that is, for any <j> £ C°°(E), we have 



L 



s 

where V fc are covariant derivatives of (£, g) with respect to an orthonormal 
basis {ej}i<i<„. 

Now, we are in the position to show the following: 

Theorem 2.6. Suppose that (£,<?) is an n- dimensional Riemannian manifold 
and the metric g is in W 2 ' p for any 1 < p < oo. If its curvature tensor is 
bounded and Weyl tensor W = ifn>3; and (2.14) * s <rMe if 71 = 3, ifcera g 
is locally conformally fiat, i.e., for any point q el/, t/iere is a neighborhood U , 
such that in U, we have a positive W 2 ' p function f with g — fg cuc , where g cuc 
denotes a flat metric on U. 

Clearly, it is a local result, hence, we need to consider only the problem 
in a local coordinate chart, i.e., we assume that S is a ball B n C R" and 
g = gijdxidxj, where x\, ■ • ■ ,x n are euclidean coordinates of R™. By our as- 
sumption, gij are W 2 ' p functions on B n for any 1 < p < oo. It follows the 
the curvature tensor Rijki and the Christoffel symbol T^ k are in L p and W 1,p 
respectively. Hence, we can define covariant derivatives of Rijki,h m the sense 
of distribution, that is, for any cj> £ C^(B n ), we have: 

J Rijki,h4>\/det{g)dx = - J R ijk i-^((t>Vdet(g))dx+ j Rm*T(/)^/det(g)dx, 

where det(g) = det(gij) and Rm * T refers to a bilinear form of Rijki and T % - k . 
Since Rijki are in LP and -^ K (<j)y / dct(g)) is in C a for some a > 0, the right 
hand side of the above equation is well defined. Similarly, we can define Rijki, hm 
in the sense of distribution, that is, for any <f> £ C{f(B n ), we have: 

f Bn Rijki,hm(t>y/det(jg) dx = J Bn R ljk i dx t dxm (<?V Aet{ g))dx - J Bn Rm * r-^(<f>y/det(g))dx 
- J Bn Rm * - 5 §^(T(t) V / dct(g))dx + J B „ Rm *T * T(f>^/det(g)dx. 

Now we have: 

Lemma 2.7. Suppose that g £ W 2 ' p for some p > 1, then in the distributional 
sense, we have the second Bianchi identity 

Rijkl,h + Rijlh,k + Rijhkd = (2-15) 

and 

Rik,it = Rik,ti + Ric* Rm. (2.16) 



9 



That is, for any <f> e C^°(B n ), we have 

/ {Rijki.h + Rijih.k + Rijhk,i)4>Vdet(g)dx = 



and 



/ (Rik.it - Rik,ti - Ric * Rm)4>^/ det(g)dx = 0. 



Here Rij is the Ricci tensor of g and Ric*Rm denotes a bilinear form of Ricci 
tensor and curvature tensor. 

Proof. By the assumption, we may take a sequence of smooth metrics which 
converges to g in W 2 ' p . Since (2.15) and (2.16) hold for the curvature tensor 
of gi and curvature tensors of gi converge to that of g in LP , we see that (2.15) 
and (2.16) hold for g, too. □ 

Next we construct harmonic coordinates around any point of manifold. 
Without loss of generality we only need to show 

Lemma 2.8. Suppose that gij are in W 2 - p on B n for any 1 < p < oo, then 
there are harmonic coordinates (z 1 , • • • , z n ) around o e B n with z l in W 3 ' p . 

Proof. Let Tj k denote the Christoffel symbols of g in euclidean coordinates 
a; 1 ,-- - , x n . Define by x l = y l — V l - k (o)y : 'y k (1 < i < n), by the Inverse 
Theorem, we see that y l are smooth functions of (a; 1 , • • • , x n ) around o and form 
coordinates. Let f % - k be the Christoffel symbols of g in coordinates (y 1 , ■ ■ ■ ,y n ), 
then by direct computations, we see 

- fe dx s d 2 x s dx l dx m 
ijQyk = QyiQyj + dyl~dy T lm ' 

It follows that (o) = 0, consequently, Ay 1 = at o. This implies that 
||A?/|| L oo( B£ ( )) tends to as e goes to zero. Consider the following boundary 
value problem on B t (o) 

r Az i = o 

1 z l \dB^ y l \dB e - 
then, using standard estimates for elliptic equations, we get 

<C\\Ay l \\ L ^ {Bt) . 

Therefore, z 1 , - ■ ■ ,z n form local coordinates on B e (0) when e is sufficiently small. 
Clearly, z % are in W 3 ' p (B <i ) and harmonic with respect to g. The lemma is 
proved. □ 

By a direct computation and Lemma 2.8, we see that metric tensor of g in 
coordinates z 1 , - ■ ■ , z n is also in W 2 - p . In the following, we will consider the 
problem in these harmonic coordinates, and the metric components will be still 
denoted by gij. 
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Lemma 2.9. Let R be the scalar curvature of g and bounded, then when e is 
sufficiently small, the following equation 

u\dB e = MdB e - 

has a positive solution in W 2 ' P {B € ). 

Proof. We note that when e is sufficiently small, the first Dirichlet eigenvalue 
can be arbitrarily large, and R is bounded, hence, the corresponding homoge- 
nous equation has only trivial solution, and this implies the above equation has 
nonnegative solution, then by Lemma 3.4 in ^U] (p34), we see that the solution 
has to be positive. This finishes the proof of the lemma. □ 

In order to show Theorem 2.6, we need the following lemma ( see Theorem 
17.2.7, 0, pl8 for its proof). 

Lemma 2.10. Let a,ij(x) be Lipschitz continuous in an open set Q C ffi™, and 
assume that the matrix (aij) is positive definite and u € Lf oc (fl). Then 

du 

implies u g W Zo ' c (f2) if f € iJ ; ~*(f2), moreover, if f £ Lf oc (£l), then u G 
W,' (Q). Here H,~*(f2) is the dual space of W ' (Cl). 

Now we can finish the proof of Theorem 2.6. Since the scalar curvature of 
(£,<?) is bounded, by Lemma 2.9, we may choose a sufficiently small neighbor- 
hood of q such that there is a positive W 2 ' p function u on this neighborhood 

_ 4 

such that the scalar curvature of g = u n - 2 g vanishes. It is easy to show that 
g is also in W 2 ' p for any 1 < p < oo, moreover, its Weyl tensor also vanishes if 
n > 4 and (2.14) still holds if n — 3. By Lemma 2.8, we can choose harmonic 
coordinates of the metric g with metric tensor in W 2 ' p . It suffices to show 
that the corresponding Ricci tensor is smooth in these harmonic coordinates. 
In the sequel, we will do everything in these coordinates. 

Since the Weyl tensor and the scalar curvature vanish, we have 

Rijkl = — ^(-Rifc5jZ — Rjk(jil + Rjlfjik ~ RilSik) (2-17) 

On the other hand, by Lemma 2.7, we have the second Bianchi identity for 
g, hence, by a direct computation, we deduce 

g jh R jk , h = o. (2.18) 

If n > 4, using (2.17), (2.18) and the Bianchi identity, we can also derive 

Ril,k - Rik,l = 0. (2.19) 
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When n = 3, since the scalar curvature vanishes, the above equation is nothing 
but (2.14). It follows 

g kt Ru,kt - g kt R t kM = 0, 

and because of (2.16) in Lemma 2.7, we have 

g kt Rik,it = g kt Rik,u + g*Ric* Rm. 

Note that 

g kt Rik.ti = {g kt Rik,t).i = 0, 

so we have 

g kt RiiM = g * Ric * Rm. 
Since g is in W 2 ' p , the above equation can be written as 

— (g kt -^) = dg*dRic + g*Ric*Rm. (2.20) 

Noticing that g <E W 2 ' p and Rm e L p for any p > 1, we see that the right hand 
side of (2.20) is in H~ x , which is dual to W 1,2 . Then it follows from Lemma 
2.10 that Rij are actually in W^ 2 , in turns, this implies that the right side of 
(2.20) is in Lf oc , then again by Lemma 2.10, we see that Rij are in W !o ' c , then 
it follows from the standard theory for elliptic equations that Rij are actually 
C'f ", therefore, g is smooth, and consequently, by the classsical Weyl Theorem, 
it is locally conformal flat. Theorem 2.6 is proved. 

Now, we can prove Theorem 2.1. 
Proof of Theorem 2.1: It only remains to show that (£,<?) is conformally 
equivalent to the standard sphere. By the assumption of Theorem 2.1, we see 
that S is diffeomorphic to S™. On the other hand, by Theorem 2.6, we know 
that (E, g) is a locally conformally flat manifold, so is conformally equivalent to 
S n . Theorem 2.1 is proved. 



3 Proof of Main Theorems 

To prove Theorem 1.1 and Theorem 1.3, we need to compare both the volume 
and the scalar curvature of (X, g) which is the boundary of Ricmannian manifold 
(X, g) with those corresponding quantities of the standard sphere. Using this, 
we are able to show that (E,g) is actually isometric to the standard sphere. 
Then by the Volume Comparison theorem, we can conclude that the original 
manifold (X,g) is isometric to H™ +1 . 

Lemma 3.1. Let uj n denote the volume of S" and R be the scarlar curvature 
of (£, g), then we have Vol(S, g) < w n and R < n(n — 1). 

Proof. Recall that R is the scalar curvature of (T, p ,g p ), then by the computa- 
tions in last section, we have 

n — 1 ™ 

R = 9 v Pij + (!)> as P -> 00 
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and 

n 

II " ■ , ]T g ij Pij, 

where H denotes the mean curvature of T, p in (X,g). On the other hand, 
because of Ric(g) > —ng, we can use the Laplacian Comparison Theorem to 
get 

#| Ep = A 3 p| Ep <ncothp (3.1) 



It follows 



and consequently, 



E 9 V PH < 



R<n{n- 1) + o(l), 



letting p go to oo, we get R < n(n — 1). 

To show Vo\(T,,g) < w n , we only need to prove for any p > 0, 

Vol(£„ 5 ) < (sinhp)"o;„. (3.2) 

For any 5 > 0, integrating (3.1), we obtain 

/ AgpdV g < / ncothpdV^, 

Jb t+s \B t Jb t+s \B t 



which is equivalent to 



Vol(S r+3 - Vol(S T ) < 



n r +s 

-J cothpVol(E p )dp. 



Let S — > 0, we have 



(log((sinhr)-"Vol(S r )))' < 0. 



Hence (sinhr) _ ™Vol(S T ) is non-increasing with r. Since lim T ^o( sm hT)~ rl Vol(£ p ) 
u n , we see from the above that (3.2) is true. This implies that Vol(S,g) < w n . 
Thus Lemma 3.1 is proved. □ 

Our next goal is to establish 

Lemma 3.2. The limit space (T,,g) is isometric to the standard sphere (S n ,go) 

Proof. If n = 2, we only need to show R — 2, suppose not, we have R < 2 and 
Vol(S, g) < 47r, this is in contradiction with Gauss-Bonnet formula. 
If n > 3, it suffices to prove that R = n(n — 1). In fact, we can write 

g = u^g (3.3) 
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for some u > which belongs to W 2 ' p for any p < oo. If R = n(n—l), u satisfies 
a semi-linear elliptic equation and the standard regularity theory implies that 
u is smooth. Then Lemma 3.2 follows from the Obata theorem. 

Let dV and dVo be the volume elements of (£,#) and (§™,<?o), respectively, 
then by (3.3), dV = u~^dV . The following equation is well-known 

d P^i i i\ 4 ( n ^ !) a ^ 
R = (n(n — l)u Agnfi), 

n — 2 

it follows 

/ Ru^dV = [ ((n - l)nu 2 + 4(n ~ X) \V^u\ 2 )dV , 
since R < n(n — 1), we get 



n(n — 1)( / u"- 2 dV ) n > 



(/ s „u»-=»dV r ) — 
Using the fact that dU = u'^dVo and VoZ(£,#) < w„, we see that: 

/ gn ((n-l)n U ' + ^|V 8 , U ndy 

n(n - l)w„ » > ^ „^n-2 • (3-4) 

(/ S " un " 2rfV o) — 

Write g>o = ^"^ds^n, where ip{x) = ( 1- H X I , then dVb = ip~^dx, where 
dx is the volume element of K™, we have: 

The RHS of (3.4) = k^^)?dx 
n-2 (/ RB M)^dx)^ 
On the other hand, by a direct computation, we have: 

71-2 (JiRn ^^dx) — 
Putting (3.4), (3.5) and (3.6) together, we obtain 

/ R » IVr^^I 2 ^ / R „ |v R .^| 2 dx ^ ^ 



Ur» $ " " 2 dx ) ^ (/r» ( u V>) " " 2 dx ) ' 

Note that ip = (l+kil)^r j wc know that the LH S of (3.7) is the best Sobolev 
constant for R™, hence, the equality in (3.7) holds, so R = n(n — 1). Thus we 
see that (T,,g) is nothing but (S n ,go)- Lemma 3.1 is proved. □ 
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Proof of Theorem 1.1: In the proof of Lemma 3.1, we have shown that 
(sinhp) n Vol(S]p, g) is non-increasing. By Lemma 3.2 and the fact that (E p) g p ) 
subconverges to (£, g) in the Cheeger-Gromov topology, we get 

lim (sinhp)~"Vol(E„,g) = u) n . 

p — >oo 

Hence, by the Volume Comparison Theorem, we have that for any p > 0, 
(sinh ( o) _ "Vol(Ep, g) = uj n . Now we claim that 

A g p = i?|s p = ncothp, Vp > 0. 

If it is false, there is a point p € S p such that A 9 p| p < 7icothp| p , so 



AgTdVg < / n coth rdVg, 



lB p+s (o)\B p (o) JB p+s (o)\B p (o) 

or equivalently 

rP+S 

Vo[(T, p+s ) - Vol(Sp) <n coth rArea(E T )dr. 

J p 

This contradicts to that Vol(S T ) = (sinhr)"o; n . Hence for any p > 0, H\y, p = 
n coth p and consequently 

dH H 2 

"5- + = n - 

op n 

However, from (2.2), we see that 

dH H 2 

+ — < n , 
op n 

moreover, the equality holds if and only if hij = cothp^j. On the other hand, 
a direct computation shows that 

dg 

= 2hij = 2cothp5y, 

and 

limp- 2 ff y = ( 5o )ii, 

Hence, gij = (sinhp) 2 (go)ij , where go is the standard metric on S™. Therefore, 
we see g = dp 2 + (sinh p) 2 (g ) y d6 l dO? , that is, (X,g) is isometric to H n+1 . 
Theorem 1.1 is proved. 
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